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Abstract

The notion of biclop.na-continuous function has been introduced. Relationship between this new
class of function with similar types of functions has been given. Some characterization and properties
of such function are also being discussed.
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1 Introduction:

In this paper, a unified version of some types of continuity has been introduced in topological space. We
recall that in the subset A of X, the closure of A is the intersection of all closed sets containing A and the
interior of A is the union of all open sets contained in A, denoted by cl(A) and int(A) respectively .

2 Preliminaries:

We recall the following definitions

Definition 2.1 : A subset A of a topological space(X,τ)is said to be
(i) semi open [5] if A ⊂ cl(int(A))
(ii) semi closed [5] if int(cl(A)) ⊂ A
(iii) feebly open[6] if A ⊂ s cl(int(A))
(iv) feebly closed[6] if s int(cl(A)) ⊂ A
(v) On the otherhand feebly open[4] if there exists an open set U of X such that U ⊂ A ⊂ s cl(U), where s
cl(U) denotes the semi-closure of U
(vi) δ-open [9] if for each x ∈ A, there exists an open set G such that x ∈ G ⊆ int(cl(G)) ⊆ A
(vii) on the other hand δ-open[9] if for each x ∈ A, there exists a regular open set U of X such that x
∈ U ⊂ A
(viii) feebly clopen[2] if it is both feebly open and feebly closed
(ix)δ-clopen if it is both δ-open and δ-closed
(x) somewhat nearly open [7] if int(cl(A)) 6= ϕ

Remark 2.2 :Let A be a subset of (X,τ)
(i) The feebly closure of A is the intersection of all feebly closed set containing A and denoted by f.cl(A)
(ii) the feebly interior of A is the union of all feebly open sets contained in A and is denoted by f.int(A).
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(i) feebly open [8] if the image of each open set in X is feebly open in Y
eb ot d i a s s i Y →X : Definition 2.3 : A map f 

                 
                   
                      
                  
              
              
                  
              

         
       
           

   

                
   

                  
         

                   
              
                 
         
                     
             
   
         
           

                     

      

                

                

             

                  
                  

                  
                      

                  
           

     
                

                    

        

(ii) feebly closed [8] if the image of each closed set in X is feebly closedm in Y
(iii) feebly continuous [8] if the inverse image of each open set V of Y is feebly open in X
(iv) feebly clopen [2] if the image of every open and closed set in X is feebly open and feebly closed in Y
(v) δ-clopen if the image of every open and closed set in X is δ-open and δ-closed in Y
(vi) δ-open if the image of each open set in X is δ-open in Y
(vii) δ-closed if the image of each closed set in X is δ-closed in Y
(viii) na-continuous [3] if the inverse image of every feebly open set A of Y is δ-open in X
(ix) δ-irresolute if the inverse image of every δ-open set A of Y is δ-open

Remark 2.4 :(i) Every open set is feebly open [1]
(ii) Every closed set is feebly closed [1]
(iii) Every feebly clopen is semi clopen at the diagram in [2]

3 The Main results

:In this section, the new function of biclop.na-continuous is introduced and also formed the related functions 
and discussed among them.

Definition 3.1 :A function f:X → Y is said to be biclop.na-continuous if the inverse image of every

feebly clopen set V of Y is δ-clopen in X.

Example 3.2 :Let X = {u,v,w} be a topological space with topology τ = { ϕ ,X, {v}, {u,w} }
let Y = { p,q,r} with topology σ = { ϕ ,Y, {q}, {p,r} }
Clearly τ is a δ- clopen set in X and σ is a feebly clopen set in Y
Define f: X→Y such that f(u) =r, f(v) =q, f(w)=p
Clearly the inverse image of feebly clopen set in Y is δ- clopen set in X and so f is biclop.na-continuous. 
Result: (i) f is open map and closed map then f is clopen map.
(ii) f is continuous.
(iii) From (i) and (ii) we get f is biclop.na-continuous.
f is homeomorphism since we know that fis open, continuous and bijective.

Definition 3.3 :Let A be subset of (X,τ ). A is said to be somewhat nearly clopen if int (cl(A))=6 ϕ

and cl(int(A))=6 ϕ that implies that cl(int(cl(A)))=6 ϕ.

Definition 3.4 :A function f:X → Y is somewhat nearly biclop.na-continuous if f −1(V ) is

somewhat nearly clopen for every feebly clopen set V in Y such that f − (V ) =6 ϕ.

Remark 3.5 :Somewhat nearly clopen set is somewhat nearly open and somewhat nearly closed.

Definition 3.6 :A function f: X → Yis slightly biclop.na-continuous if for each x ε X and each

feebly clopen set V of Y containing f(x) there exist a δ-open set U containing x such that f(U)⊆V.

Definition 3.7 :A function f:X → Y is almost biclop.na-continuous if for each x ε X and each

feebly clopen set V of Y containing f(x) there exist a δ - clopen set U containing x such that f(U)⊆ int (cl

(V)).

Definition 3.8 :A function f:X →Y is δ-clopen irresolute if the inverse image of every δ - clopen

subset in Y is δ-clopen subset in Y is δ-clopen in X.

Theorem 3.9 :Every biclop.na-continuous is na-continuous.
Proof:Let f:X →Y be biclop.na-continuous mapping. To show that f is na-continuous, let H be anyfeebly 

clopen subset of Y. Since f is biclop.na-continuous, then f − (H) is δ-clopen in X, and so 2.1 (ix), f −

(H)is δ-open in X. Hence f is na-continuous map.
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Theorem 3.10 :For a function f:X →Y, the following statements are equivalent.
(a) f is biclop.na-continuous
(b) A function f:X →Y is biclop.na-continuous if for every feebly clopen set V of Y containing f(x) there
exist δ - clopen set U containing x such that f(U)⊆V.
Proof:(a)⇒(b): Let xεX and let V be a feebly clopen set in Y containing f(x). Then, by (b),f−1(V ) is
δ-clopen in X containing x. Let U=f−1(V ). Then, f(U)⊆V.
(b)⇒(a): Let V be a feebly clopen set of Y, and let xε f−1(V ). Since f(x)εV, there exists U containing x
such that f(U)⊆V. It then follows that xεU ⊆ f−1(V ). Hence f−1(V ) is δ-clopen.

Theorem 3.11 : If f:X→Y is biclop.na-continuous, then it is slightly biclop.na-continuous.
Proof: Let xεX, and let Vis feebly clopen. Since f is biclop.na-continuous, there exist δ-clopen set U
containing x such that f(U)⊆V. Since δ - clopen set is δ - open, we have U is δ - open and so f is slightly
biclop.na-continuous. Thus f is slightly biclop.na-continuous.

Theorem 3.12 : If f is a mapping of X into Y and X=X1 ∪X2, where X1 and X2 are δ-clopen set and
f/X1 and f/X2 are biclop.na-continuous, then f is biclop.na-continuous.
Proof: Let A be a feebly clopen subset of Y. Then, since (f/X1) and (f/X2) are both biclop.na-continuous,
therefore (f/X1)

−1(A) and (f/X2)
−1(A) are both δ-clopen set in X1 and X2 respectively. Since X1 and X2

are δ-clopen subsets of X, therefore (f/X1)
−1(A) and (f/X2)

−1(A) are both δ-clopen subsets of X. Also,
f−1(A) = (f/X1)

−1(A) ∪ (f/X2)
−1(A). Thus f−1(A) is the union of two δ-clopen sets and is therefore

δ-clopen. Hence f is biclop.na-continuous.

Theorem 3.13 :If f is a mapping of X into Y and X=X1 ∪ X2 and if (f/X1) and (f/X2) are both
biclop.na-continuous at a point x belongs to X1 ∩X2, then f is biclop.na-continuous at x.
Proof: Let U be any feebly clopen set containing f(x). Since xε X1 ∩ X2 and (f/X1), (f/X2) are both
biclop.na-continuous at x, therefore there exist δ-clopen sets V1 and V2 such that xε X1 ∩V1 and f(X1 ∩V1)
⊂ U, and xε X2 ∩ V2) and f(X2 ∩ V2) ⊂ U. Now since X=X1 ∪ X2, therefore f(V1 ∩ V2)=f(X1 ∩ V1 ∩
V2)∪f(X2 ∩ V1 ∩ V2) ⊂ f(X1 ∩ V1) ∪ f(X2 ∩ V2)⊂ U. Thus,V1 ∩ V2=V is a δ-clopen set containing x such
that f(V)⊂ U and hence f is biclop.na-continuous ar x.

Theorem 3.14 : Every restriction of a biclop.na-continuous mapping is biclop.na-continuous.
Proof:Let f be a biclop.na-continuous mapping of X into Y and let A be any subset of X. For any feebly
clopen subset S of Y, (f/A)−1(V )=A∩f−1(V ). But f being biclop.na-continuous, f−1(S) is δ-clopen and
hence A∩f−1(V ) is a relatively δ-clopen subset of A, that is (f/A)−1(V ) is a δ-clopen subset of A. Hence
f/A is biclop.na-continuous.

Theorem 3.15 : Let f map X into Y and let x be a point of X. If there exist a δ-clopen set N of x such
that the restriction of f to N is biclop.na-continuous at x, then f is biclop.na-continuous at x.
Proof: Let U be any feebly clopen set containing f(x). Since f/N is biclop.na-continuous at x, therefore
there is an δ-clopen set V1 such that xεN ∩ V1 and f(N ∩ V1) ⊂ U . Thus N ∩ V1 is δ-clopen set of x.

Theorem 3.16 : Let X=R1 ∪R2, where R1 and R2 are δ-clopen sets in X. Let f:R1 →Y and g:R2 →Y be
biclop.na-continuous. If f(x)=g(x) for each xεR1 ∩ R2. Then h:R1 ∩ R2 →Y such that h(x)=f(x) for xεR1

and h(x)=g(x) for xεR2 is biclop.na-continuous.
Proof: Let U be a feebly clopen set of Y. Now h−1(U)=f−1(U) ∪ g−1(U). Since f and g are biclop.na-
continuous, f−1(U) and g−1(U) are δ-clopen set in R1 and R2 respectively. But R1 and R2 are both
δ-clopen sets in X. Since union of two δ-clopen sets is δ-clopen, so h−1(U) is a δ-clopen set in X. Henxe
h is biclop.na-continuous.

Theorem 3.17 : Let f:X →Y be biclop.na-continuous surjection and A be δ-clopen subset of X. If f
is feebly clopen function, then the function g:A →f(A), defined by g(x)=f(x) for each xεA is biclop.na-
continuous.
Proof: Suppose that H=f(A). Let xεA and V be any feebly clopen set in H containing g(x). Since H is feebly
clopen set in Y and V is feebly clopen in H. Since f is biclop.na-continuous, hence there exist a δ-clopen
set U in X containing x. Taking W=U∩A, since A is δ-open and δ-closed subset of X, W is a δ-clopen set
in A containing x. Thus g is biclop.na-continuous.
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Theorem 3.18 : Let f:X →Y be biclop.na-continuous. If Y is a semi clopen subset of Z, then f: X →Z is
biclop.na-continuous.
Proof: Let V be any feebly clopen set of Z. Since Y is semi clopen, V∩Y is a semi clopen set in Y. Since f
is biclop.na-continuous, f−1(V ∩Y ) is δ-clopen in X. But f(x)εY for each xεX. Thus f−1(V ) = f−1(V ∩Y )
is a δ-clopen set of X. Therefore f:X →Z is biclop.na continuous.

Theorem 3.19 :Let f:X →Y and g:Y →Z be function. Then the composition function g◦f is δ-irresolute
if f is na-continuous and g is almost open and it is δ-clopen irresolute where f is biclop.na-continuous and
g is almost biclop.na-continuous.
Proof: To Prove: g◦f is δ-irresolute. Given f is na-continuous and g is almost open. Let W be any δ-
open subset of Z. Since g is almost open, so g−1(W ) is open subset of Y. Since f is na-continuous, by ??,
(g ◦ f)−1(W )=f−1(g−1(W )) is δ-open subset in X. Thus g◦f is δ-irresolute function.
To Prove: g◦f is δ-clopen irresolute. Given f is biclop.na-continuous and g is almost clopen continuous.
Let U be any δ-clopen subset of Z. Since g is almost clopen continuous, so g−1(U) is clopen subset of Y.
Since f is biclop.na-continuous, by ??. Now (g ◦ f)−1(U) = f−1(g−1(U)) is δ-clopen subset in X. Thus g◦f
is δ-clopen irresolute.

Theorem 3.20 : Let f:X →Y and g:Y →Z be two mappings such that their composition g◦f:X →Z be
biclop.na-continuous then the following statement true. If f is δ-clopen irresolute and surjective, then g is
biclop.na-continuous.
Proof: Let A be δ-clopen set of Y. Since f is δ-clopen irresolute, f−1(A) is δ-clopen in X. Since (g ◦
f)(f−1(A)) is feebly-clopen in Z. That is g(A) is feebly-clopen in Z, since f is surjective. Therefore g is
biclop.na-continuous.

4 Some properties of na-continuous function

Remark 4.1 : A function f:X →Y is na-continuous if for every feebly open set V of Y containing f(x)
there exist δ-open set U containing x such that f(U)⊆V.

Definition 4.2 : A topological space X is said to be
(i) Feebly-T2 or Feebly Hausdorff if for any pair of distinct points x,y of X, there exists disjoint feebly open
sets U and V such that x ε U and y ε V.
(ii) Feebly-regular if each feebly closed set F and each point x 6∈ F, there exist disjoint feebly-open sets U
and V such that x ε U, F⊆ V.
(iii) Feebly-normal if for any two disjoint feebly closed subsets F and K, there exist disjoint feebly-open sets
U and V such that F⊆U, K⊆V.

Definition 4.3 : A topological space X is said to be
(i) δ-T2 if for any two distinct points x,y of X there exist two disjoint δ-open sets U and V containing x
and y respectively.
(ii) δ-regular if for each δ-closed set F and each point x 6∈F, there exist disjoint δ-open sets U and V such
that xεU, F⊆V.
(iii) δ-normal if for any two disjoint δ-closed subsets F and K, there exist disjoint δ-open sets U and V
such that F⊆U, K⊆V.

Theorem 4.4 : If f:X→Y is na-continuous injection and Y is feebly-T2, then X is δ-T2.
Proof:Let x and y be two distinct points of X. Then f(x) and f(Y) are two distinct points of Y. Thus, there
exist two disjoint feebly open U and V containing x and y respectively. Then by remak4.1, f−1(U) and
f−1(V ) are two δ-open sets in X. Clearly, xεf−1(U), yεf−1(V ), and f−1(U)∩ f−1(V )=ϕ. Thus X is µ-T2.
Hence proved.

Theorem 4.5 : If f:X→Y is na-continuous, bijection and X is δ-regular, then Y is feebly-regular.
Proof: Let F be a feebly closed subset of Y and let y 6∈F. Let y=f(x). since f is na-continuous, by remark4.1,
f−1(F ) is δ-closed in X so that f−1(Y )=x6∈ f−1(F ). Let G=f−1(F ). Then x 6∈G; thus, by δ-regularity of
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X, there exist two disjoint δ-open sets U and V such that G⊆U and xεV. Thus, we have F=f(G)⊆f(U)
and Y=f(x)εf(V) and f(U)∩f(V)=ϕ. As f is na-continuous, f(U) and f(V) are feebly open in Y. Thus
f(U)∩f(V)=ϕ, y=f(x)εf(V) and F⊆f(U). Hence Y is feebly-regularity.

Theorem 4.6 : If f:X→Y is na-continuous, surjection, and X is δ-normal then Y is feebly-normal.
Proof: Let F1 and F2 be two disjoint feebly closed subsets of Y. Since f is na-continuous, by remark 4.1,
f−1(F1) and f−1(F2) are two δ-closed subsets in X. Let K1=f−1(F1), and let K2 = f−1(F2). Then K1

and K2 are two disjoint δ-closed subsets of (X,µ). Since X is δ-normal, there exists two disjoint δ-open
sets U and V such that K1 ⊆U and K2 ⊆V. We thus have F1=f(K1)⊆f(U) and F2=f(K2)⊆f(V). Also f(U)
and f(V) are two disjoint feebly open sets in Y. Hence Y is feebly-normal.

Definition 4.7 : A topological space X is said to be δ-connected if X cannot be written as union of two
non empty δ-open sets.

Theorem 4.8 : If f:X→Y is na-continuous surjection and X is δ-connected, then Y is connected.
Proof: Let us assume that Y be not connected. Then, there exist non empty disjoint feebly open V1 and V2
such that Y=V1∪V2. Hence, we have f−1(V1)∪f−1(V2)=X and f−1(V1)∩f−1(V2)=ϕ. Since f is surjective,
f−1(V1) and f−1(V2) are non-empty. Since V1 and V2 are feebly open in Y. Thus by remark4.1, f−1(V1)
and f−1(V2) are δ-open. Therefore X is not δ-connected. This is a contradiction.
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